Recently the quantum nature in the energy transport in solar cell and light-harvesting complexes have attracted much attention, as being triggered by the experimental observations. We model the light-harvesting complex (i.e., PEB 50 dimer) as a quantum heat engine (QHE) and study the effect of the undamped intra-molecule vibrational modes on the coherent energy transfer process and quantum transport. We find that the exciton-vibration interaction has non-trivial contribution to the promotion of quantum yield as well as transport properties of the quantum heat engine at steady state, by enhancing the quantum coherence quantified by entanglement entropy. The perfect quantum yield over 90% has been obtained, with the * To whom correspondence should be addressed 
Introduction
Recently the wide-spread interest in uncovering the quantum phenomena in the solar cell and photosynthetic process has been triggered by the experimental investigations of the electronic dynamics in light-harvesting and Fenna-Matthews-Olson (FMO) complexes. [1] [2] [3] [4] The transport of excitation energy absorbed by antenna towards the reaction center (RC) occurs with a perfect efficiency over 90%, 5, 6 which was shown to be strongly correlated to the long-lived quantum coherence between different molecules. 7, 8 Numerous research made it clear that the exciton energy transport in photosynthetic organism critically depends on the exciton-phonon interaction, [9] [10] [11] [12] besides the electronic coupling between molecules. The exciton-phonon interactions have two types: high-frequency modes from the nuclei vibrations in molecules, and low-frequency modes induced by environmental fluctuations.
Actually these two kinds of exciton-phonon interactions in these complexes are associated with low-energy fluctuations of protein immersed in the solvent and intra-molecular vibrations, 13, 14 respectively. Since the intra-molecular vibrations are undamped, it is evidently shown to have significant influence on the coherent energy transfer when energy quanta of vibrational modes is in resonance with the energy splitting of excitons. [15] [16] [17] In this work, we study the effect of intra-molecule vibrations on energy transfer processes in the pairs of chromophores, which describes several light-harvesting antennae in the nature. Two important examples are the central PEB 50c − PEB 50d dimer in the cryptophyte antennae PE545 (Phycoerythrin545) and the Chl b601 − Chl a602 pair in the light-harvesting complex II (LHCII).
The natural photosynthetic organism functions in the presence of both solar radiation and lowenergy fluctuations of protein. In our model, there are three different types of energies involved, namely solar radiation, high-frequency modes from the nuclei vibrations and low-frequency modes from the environmental fluctuations. According to the quantum thermodynamics, QHE converts hot thermal radiation into low-entropy useful work. [18] [19] [20] We will include the dynamics of discrete vibrational modes between intra-molecules, together with the dynamics of system, due to the comparable relaxation time. 8, 21, 22 We will find that the interaction with vibrational modes has a non-trivial contribution to the enhancement of the nonequilibriumness flux 23, 24 trapped by RC and energy transfer efficiency (ETE), by improving the coherence. 
Polaron transform and quantum master equation
We consider a prototype dimer where each chromophore has an excited state described by exciton with energy ε i strongly coupled to a quantized vibrational mode of frequency ω, with the identical coupling strength λ for i = 1, 2. The Hamiltonian of dimer and vibrational modes read
where
) it is clear that the center-of-mass motion is independent of the dynamics of exciton so that we can ignore its effect. The exciton-vibration interaction causes a renormalization of the electronic coupling, which as will be shown later, will critically affect the quantum transport. Notice that the one-particle approixmation for exciton is not used here and after.
The Hamiltonian in polaron frame provides a picture that the transition of exciton in the dimer 4 is assisted by exchanging energy with the vibrational modes. Physically we can only consider the single-quanta process of vibrations, owing to: (i) the low probability of multi-excitation and (ii) the energy scale of the exciton-vibration interaction being in quasi-resonance with the gap between the adjacent levels of vibrational modes. Hence the dynamics of intra-molecule vibrations can be restricted into the space spanned by {|m , |m+1 }, as shown in details in supplementary information (SI). Moreover the occupation m here is the average of particle number in its eigenmodes rather than the thermal occupation of bosons. The total Hilbert space is
In light-harvesting complexes, i.e., PEB 50 dimer and LHCII pair (or FMO complex), the excitons need to interact with radiation environment from solar as well as low-energy fluctuations of protein immersed in the solvent, in order to realize the energy transfer to RC. In addition, we need a connection of one site in the dimer (labelled by 2 in our notation) to RC, described by a trapping rate Γ, in order to generate the output work. The interactions to radiation and protein reservoirs read (notice that this is not influenced by the polaron transform introduced before, since the polaron transform only operates in the subspace of the system Hamiltonian)
where a kp and b qs are the bosonic operators for radiation and low-energy fluctuation reservoirs,
respectively. p and s denote the polarizations of the modes of radiation and low-energy fluctuation reservoirs, respectively. Thus the total Hamiltonian of the system and environments reads H =H +
Based on the perturbation theory, the whole solution to density operator can be written as ρ SR = ρ S (t) ⊗ ρ R (0) + ρ δ (t) with the traceless term in higher orders of coupling. Since the time scale associated with the environmental correlations is much smaller than the time scale of the system over which the state varies appreciably, the quantum master equation (QME) for reduced density matrix of systems can be derived under the so-called
Markoff approximation
T ad,bc |a b|ρ|c d| − δ ad |c b|ρ
where the decay rate
For the environment of protein in the solvent, we use the Debye spectral density:
where E R is so-called reorganization energy, and γ
U is the unitary matrix that diagonalizes the Hamiltonian matrixH. In the Liouville space, the QME can be formulated as
Here, ρ p and ρ c represent the population and coherence components of density matrix, respectively. To obtain the population dynamics, we need to project the QME into population space, by eliminating the coherence components using Laplace transform. 24 Based on the view point of QHE, the whole system should work at steady state, which is what we are interested in this Letter.
Thus in the long-time limit, the QME at steady state reads posed into the superposition of several closed loops. 24, 27 Actually c mn quantifies the detailedbalance-breaking and time-irreversibility. In reality, people are principally able to observe the flux trapped by RC, which is defined as
. This is consistent with the definition of c mn since the transition induced by RC is unidirectional. As we will see later, J trap will play an significant role in the discussion of transport properties of this QHE.
Coherent energy transfer and quantum transport Energy transfer efficiency and flux trapped by RC
Now we are able to discuss the coherent energy transfer in the dimer, after the absorption of photons from the Sun. In the natural light-harvesting complexes, the reorganization energy is E R = 34cm −1 , the cut-off frequency is ω d = 50 fs −1 , the temperature of the radiation reservoir is T 1 = 5780K 28 and the trapping rate by RC is set to be Γ = 1ps −1 . In PEB 50 dimer the dipole moments in Eq. (??) are f 1 = 1.0, f 2 = −0.9. 29 First we introduce the energy transfer efficiency (ETE) 10,11 (9) where the decay rate is
, which quantifies the probability going back to ground state per unit time. figure) & the square root of ratio of the populations of two chromophores in the PE545 dimer (large figure), (d) the entanglement entropy (which also quantifies the coherence effect), (e) work generated by QHE to RC and (f) entropy production (EPR) vary as a function of coupling strength of exciton to intra-molecule vibrational modes. Red, purple, blue and orange lines correspond to m = 0, 1, 3, 5, respectively, where m represents the bosonic occupation of the vibrational modes. Standard paramenters are ω = 800cm −1 , ε 1 − ε 2 = 1042cm −1 , ∆ = 92cm −1 and T 2 = 300K. 29, 30 system can be enhanced by the exciton-vibration dynamics, as quantified by the trapping flux. In the regime of strong exciton-vibration coupling, namely, λ ≫ 1, the states become mainly vibrational and the excitonic transport is suppressed, as relfected by the decay of the flux illustrated in Fig.2(a) , though the ETE still saturates to a perfect value of 100%. In this sense, we know that the energy transfer efficiency is necessary, but not sufficient for the description of the excitation energy transport in the photosynthesis antenna. In addition to this, other quantities, such as output work (heat current into RC) and EPR, are essential as well to completely describe the quality of this QHE on excitation energy transport. The energy transfer between the PEB 50 dimer and RC acquires the delocalization of the excitons. We now investigate the trends of delocalization under the influence of exciton-vibration interaction. As is shown in Fig.2(c) , population of high-lying exciton state has a rapid, non-exponential decay as the coupling to vibrational modes increases, which can be traced back to the coherent transition from |1, 0, m to |0, 1, m + 1 and from |1, 0, m + 1 to |0, 1, m . On the other hand, the delocalization of the wave packet is demonstrated in the large figure in Fig.2 
Coherence effect
Since the dynamics of intra-molecule vibrations is considered together with excitons, we need to study the influence of exciton-vibration interaction on the coherence effect. Notice that the coherence effect mentioned here refers to the entanglement entropy and the sum of the off-diagonal elements of density matrix with different electronic states (quantum coherence). Due to the strong correltaion between entanglement and coherence, we use the quantum entanglement to quantify the coherence effect hereafter and the coherence will be enclosed in SI. To calculate the entanglement entropy, we first need to diagolize the density matrix at steady state ρ = ∑ f P f |ψ f ψ f |, where
and U is the unitary transform matrix in the diagonalization of density matrix. For each component of pure state, the density matrix reads, by partial tracing over the freedoms of other sites except the first one (n 3 ≡ m)
whose eigenvalues are λ f ± . Then the entanglement entropy of each pure component is S
, which subsequently gives the total entanglement entropy at steady state
Actually the formal definition of the entanglement entropy in mixture ensemble is still an open question. The rational for our choice of the expression in Eq.(??) for our system is: the excitonic basis describing the delocalized excitons is the one which gives the unique diagonal form of the steady-state density matrix and these delocalized excitons contain the coherence between the local sites and play an important role in experiments. Moreover, the off-diagonal elements of the Hamiltonian also leads to the entanglement in the excitonic basis. As illustrated by Fig.2(d) , the exciton-vibration interaction improves the coherence at first, owing to the energy-exchange between excitons and vibrational modes. However, based on the discussion on the delocalization above, we know that the interaction with vibrational modes leads to the enhancement of the delocalization of exciton wave packet. But we can further see from Fig.2(c) 
Macroscopic transport
According to quantum thermodynamics, the observables on macroscopic level serve as an important role in the function of photosynthetic organisms as a QHE. We now investigate two represen- 
Effect of thermal relaxation on coherent energy transfer
Now we study the influence of the low-energy thermal bath described by a continuous distribution of harmonic oscillators on the coherent energy transfer in the exciton-vibration dimer. The interaction between exciton and bath is governed by Debye spectral density with the cut-off frequency
Here we consider two regimes of coupling strength between PEB 50 dimer and bath: very weak coupling E R = 4cm −1 and intermediate coupling E R = 34cm −1 . As is shown in Fig.3 , the dephasing and fluctuation induced by the low-energy protein motion gives rise to the promotion of quantum yield illustrated in Fig.3(a) , since the motion of excitons globally becomes more delocalized when the coupling increases, as reflected in Fig.3(b) . 
Summary and remarks
In conclusion, we investigated the effect of intra-molecule vibrational modes on the coherent energy transfer in the light-harvesting complexes. It was demonstrated that the exciton-vibration interaction led to a non-trivial improvement of coherent energy transfer by the enhancement of coherence. Furthermore we also show that the exciton-vibration coupling can give rise to a perfect quantum yield (over 90%) for energy transport, at steady state. Our study provides the insights for the exploration of the intre-and intra-molecular vibrations on multi-molecule systems, i.e., Coupling strength Λ to vibrational modes 
